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Defining a Set Inductively

® The set of even numbers is the least set such that
e (is even.
 |f nis even,then nt+2 is even.

® These can be viewed as introduction rules.

® We get an induction principle to express that no
other numbers are even.

Induction is used throughout mathematics, and to
express the semantics of programming languages.




Inductive Definitions in Isabelle

Ind.thy
WO X 4P Y. 00w = 6 F

theory Ind
imports Main
begin

subsection{*Inductive definition of the even numbers*}
inductive_set Ev :: where

Zerol:
| Add2I:

-u-:**-  Ind.thy Top L10 (Isar Utoks Abbrev; Scripting )
Proofs for inductive predicate(s) "Evp"
Proving monotonicity ...

-u-:%%- *response* All L2 (Isar Messages Utoks Abbrev;)




Even Numbers Belong to Ev

Ind.thy
QDCOX 4P X MGg. o0 < o F

text{*All even numbers belong to this set.*}
lemma
apply (induct k)
P opply auto
apply (Cauto simp add: Zerol AddZ2I)
done

-u-:**-  Ind.thy 6% L17 (Isar Utoks Abbrev; Scripting )
proof (prove): step 1

goal (2 subgoals):

1 *Q € Ev

2 2 *k €kEv= 2 * Suc k € Ev

.2
. Nk.

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Even Numbers Belong to Ev

® OO0 s Ind.thy @)
QO R 4P Y HEg . 0w < o f

text{*All even numbers belong to this set.*}
lemma "2*k : EV" O‘
apply (induct k)

Papply auto
apply (Cauto simp add: Ze dd21)
done

—

ordinary induction

yields two subgoals
-u-:**-  Ind.thy : ,

proof (prove): step 1

goal (2 subgoals):
1. 2 * 0 € Ev
2. Nk. 2 * k e Ev = 2 * Suc k € Ev

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Proving Set Membership

Ind.thy
QWX 4P XG0 < 66 F

text{*All even numbers belong to this set.*}
lemma

apply (induct k)

apply auto

apply (Cauto simp add: Zerol AddZ2I)

done

-u-:**-  Ind.thy 6% L18 (Isar Utoks Abbrev; Scripting )

proof (prove): step 2

goal (2 subgoals):
1. @ € Ev
2. Nk. 2 * k € Ev = Suc (Suc (2 * k)) € Ev

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Proving Set Membership

®0O0 » Ind.thy

WO R 4P Y. 0w o 6P

text{*All even numbers belong to this set.*}
lemma "“2*k : EV"
apply (induct k)
apply auto
»apply (auto simp add: Zerol Add2I)
done

-u-:**-  Ind.thy 6% L18

after simplification, the subgoals
resemble the introduction rules

proof (prove): step 2

goal (2 subgoals):
1. @ € Ev
2. Nk. 2 * k € Ev = Suc (Suc (2 * k)) € Ev

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)----------ceeeae--
tool-bar next y




Finishing the Proof

- Ind.thy
O Z 4P XY M4 .00 = 6 F

text{*All even numbers belong to this set.*}
lemma
apply (induct k)
apply auto
apply (Cauto simp add: Zerol Add2I)
» done

-u-:**-  Ind.thy 6% L19 (Isar Utoks Abbrev; Scripting )

proof (prove): step 3

goal:
No subgoals!

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Finishing the Proof

®0O0 > Ind.thy

QO Z 4P Y IHGg. .00 = o6 P

text{*All even numbers belong to this set.*}
lemma "“2*k : EV"
apply (induct k)
apply auto
apply (Cauto simp add: Zerol Add2I)
» done

WVe have used these as
_u-:*%_ Ind.thy ¥ conditional rewrite rules.

proof (prove): step 3

goal:
No subgoals!

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)--------ceeeeuua--

tool-bar next y




Finishing the Proof

® OO0 Ind.thy

QX A4P Y HNEG.060 < 6 F

text{*All even numbers belong to this set.*}
lemma "2*k : Ev"
apply (induct k)

apply (auto intro: Zerol Add2I)
» done

-u-:**-  Ind.thy 10% L28 (Isar Utoks Abbrev; Scripting )

proof (prove): step 2

goal:
No subgoals!

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)

tool-bar goto ,
S




Finishing the Proof

® OO » Ind.thy
QO Z 4P Y IHGg. .00 = o6 P

text{*All even numbers belong to this set.*}
lemma "“2*k : EV"

apply (induct k)

apply (Cauto intro: Zerol Add2I)

» done

Isabelle also supports
introduction rules

S i Sy . (backward chaining)
proof (prove): step 2

goal:
No subgoals!

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)----------e-eaaam-

tool-bar goto y
" IIE———————————
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Rule Induction

Proving something about every element of the set.
It expresses that the inductive set is minimal.
It is sometimes called “induction on derivations”

There is a base case for every non-recursive
introduction rule

...and an inductive step for the other rules.




Ev Has only Even Numbers

Ind.thy
WO X 4P Y Mg .- 00w < 6P

text{*All elements of this set are even.*}
lemma
»apply (induct n rule: Ev.induct)
pply auto
pply arith
done

-u-:**-  Ind.thy 13% L43 (Isar Utoks Abbrev; Scripting )

proof (prove): step @

goal (1 subgoal):
1. nektv= 3k. n=2 *k

Top L1 (Isar Proofstate Utoks Abbrev;)




Ev Has only Even Numbers

® O O > Ind.thy

WO X 4P Y »G.. o600 = o F

text{*All elements of this set are even.*}

lemma "n € Ev = 3k. n = 2*k'
»apply (indu@t n rule: Ev.induct)

apply auto

apply arith

done

rule induction is needed!

-u-:**-  Ind.thy 13% L43 (Isar Utoks Abbrev; Scripting )

proof (prove): step @

goal (1 subgoal):
l. nektv= 3k. n=2 * k

Top L1 (Isar Proofstate Utoks Abbrev;)




Ev Has only Even Numbers

® O O > Ind.thy O

WO R 4P Y. 0w o 6P

text{*All elements of this set are even.*}
lemma "n € Ev = 3k. n = 2*K"
»apply (indu&t n rule: Ev.induct)

apply au?o
ply arlth naming the induction rule

rule induction is needed!

-u-:**-  Ind.thy 13% L43 (Isar Utoks Abbrev; Scripting )

proof (prove): step 0

goal (1 subgoal):
l. nektv= 3k. n=2 * k

Top L1 (Isar Proofstate Utoks Abbrev;)




An Example of Rule Induction

Ind.thy
QDCOX 4P X MGg. o0 < o F

text{*All elements of this set are even.*}
lemma
apply (induct n rule: Ev.induct)
P opply auto
ply arith
done

-u-:**-  Ind.thy 13% L39 (Isar Utoks Abbrev; Scripting )

proof (prove): step 1

goal (2 subgoals):
1. 3k. 0 =2 * k
2. An. In € Ev; 3k. n=2 * k] = 3k. Suc (Suc n) =2 * k

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




An Example of Rule Induction

N ™

® Ind.thy
QX A4P Y HNEG.060 < 6 F

text{*All elements of this set are even.*}

lemma " E\ > k. r 2*k"

apply (induct n rule: Ev.induct)
Papply auto

apply arith

done

-u-:**-  Ind.thy 13% L39 (Isar Utoks Abbrev; Scripting )

JUFCIYOHEIP® base case: n replaced by O

goal (2 subgbals):
1. k. 0 =2 * k
2. An. In € Ev; 3k. n=2 * kl = 3k. Suc (Suc n) =2 * k

-u-:%¥%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




An Example of Rule Induction

®0O0 » Ind.thy O

WO R 4P Y. 0w o 6P

text{*All elements of this set are even.*}
lemma "n € Ev = 3k. n = 2*K"
apply (induct n rule: Ev.induct)
Papply auto
apply arith
done

-u-:**-  Ind.thy 13% L39 (Isar Utoks Abbrev; Scripting )

JSOFQUDHEYPE base case: n replaced by 0

1.3K. 0=2*k
2. An. In € Ev; 3k. n=2 * kl = 3k. Suc (Suc n) =2 *k

tool-bar nex




Nearly There!

@ Ind.thy
QX A4P Y HNEG.060 < 6 F

text{*All elements of this set are even.*}
lemma
apply (induct n rule: Ev.induct)
apply auto
»apply arith
done

-u-:**-  Ind.thy 13% L40 (Isar Utoks Abbrev; Scripting )

proof (prove): step 2

goal (1 subgoal):
1. Ak. 2 * k € Ev = 3ka. Suc (Suc (2 * k)) = 2 * ka

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Nearly There!

®0O0 » Ind.thy

WO R 4P Y. 0w o 6P

text{*All elements of this set are even.*}
lemma "n € Ev = 3k. n = 2*K"
apply (induct n rule: Ev.induct)
apply auto
»apply arith
done

-u-:**-  Ind.thy 13% L40 (Isar Utoks Abbrev; Scripting )

proof (prove): step 2

goal (1 subgoal):
1. Ak. 2 * k € Ev = 3ka. Suc (Suc (2 * k)) = 2 * ka

Too difficult for auto

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)----------ceeeae--
tool-bar next y




Nearly There!

®0O0 » Ind.thy

WO R 4P Y. 0w o 6P

text{*All elements of this set are even.*}
lemma "n € Ev = 3k. n = 2*K"
apply (induct n rule: Ev.induct)
apply auto
papply arith
done

-u-:**-  Ind.thy 13% L40 (Isar Utoks Abbrev; Scripting )

proof (prove): step 2

goal (1 subgoal):
1. Ak. 2 * k € Ev = 3ka. Suc (Suc (2 * k)) = 2 * ka

Too difficult for auto

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)----------ceeeae--
tool-bar next y




The arith Proof Method

Ind.thy
QDCOX 4P X MGg. o0 < o F

text{*All elements of this set are even.*}
lemma
apply (induct n rule: Ev.induct)
ply auto
)ly arith
» done

-u-:**-  Ind.thy 13% L41 (Isar Utoks Abbrev; Scripting )

proof (prove): step 3

goal:
No subgoals!

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




The arith Proof Method

» Ind.thy
QO R 4P Y HEg . 0w < o f

text{*All elements of this set are even.*}
lemma "n € Ev = 3k. n = 2*k"
apply (induct n rule: Ev.induct)
apply auto
apply arith
» done

for hard arithmetic subgoals

-u-:**-  Ind.thy 13% L41 (Isar Utoks Abbrev; Scripting )

proof (prove): step 3

goal:
No subgoals!

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




Defining Finiteness

L Ind.thy
O Z 4P XY M4 .00 = 6 F
subsection{* Proofs about finite sets *}

text{*The finite powerset operator¥*}

inductive_set Fin :: where
emptyl:

| insertI:

declare Fin.intros [intro]

-u-:**-  Ind.thy 18% L62 (Isar Utoks Abbrev; Scripting )

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)
tool-bar goto




Defining Finiteness

®0O0 » Ind.thy

WO R 4P Y. 0w o 6P

subsection{* Proofs about finite sets *}

text{*The finite powerset operator*}

inductive_set Fin :: "'a set set” where
emptyIl: "{: ¢ Fin”

| insertI: "A € Fin ==> insert a A € Fin"

declare Fin.intros [intro]

-u-:**-  TInd.thy Aty make the rules available

to auto,blast

"/
A

v

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)------------ccceeouu
tool-bar goto 4




The Union of Two Finite Sets

Ind.thy
QDCOX 4P X MGg. o0 < o F

lemma

apply (induct A rule: Fin.induct)
Papply auto

done

-u-:**-  Ind.thy 24% L68 (Isar Utoks Abbrev; Scripting )

proof (prove): step 1

goal (2 subgoals):
1. B € Fin = {} UB € Fin
2. NA a. [A € Fin; B € Fin = AU B € Fin; B € Finl = 1insert a A U B € Fin

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




The Union of Two Finite Sets

N ™

® Ind.thy
QX A4P Y HNEG.060 < 6 F

lemma A n; E | :
apply (induct A rule: Fin.induct)

Papply auto
done 2 .
perform induction on A

-u-:**-  Ind.thy 24% L68 (Isar Utoks Abbrev; Scripting )

proof (prove): step 1

goal (2 subgoals):
1. B € Fin = {} U B € Fin
2. NA a. [A € Fin; B € Fin = AU B € Fin; B € Finl = insert a A U B € Fin

-u-:%¥%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




A Subset of a Finite Set

9 O ( Ind.thy
QWX 4P XG0 < 66 F

lemma
apply (induct A arbitrary: B rule: Fin.induct)
P apply auto

-u-:**-  TInd.thy 27% L79 (Isar Utoks Abbrev; Scripting )

proof (prove): step 1

goal (2 subgoals):
1. AB. B € {} = B € Fin
2. NA aB. [A€Fin; AB. BC A= B € Fin; B € insert a Al = B € Fin

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




A Subset of a Finite Set

® OO > Ind.thy

WO R 4P Y. 0w o 6P

lemma "[| A € Fin; B € A |] => B € Fin"
apply (induct A arbitrary: B rule: Fin.induct)
Papply auto

to prove that every
subset of A is finite

-u-:**-  Ind.thy (Isar Utoks Abbrev; Scripting )

proof (prove): step 1

goal (2 subgoals):
1. AB. B € {} = B € Fin
2. NA aB. [A€Fin; AB. BS A= B € Fin; B € insert a Al = B € Fin

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)
tool-bar next




A Subset of a Finite Set

®0OO0 > Ind.thy

QO Z 4P Y IHGg. .00 = o6 P

lemma "[| A € Fin; B S A |] = B € Fin"
apply (induct A arbitrary: B rule: Fin.induct)
Papply auto

to prove that every
subset of A is finite

-u-:**-  Ind.thy (Isar Utoks Abbrev; Scripting )

proof (prove): step 1

as seen in the induction hypothesis

goal (2 subgoals):
1. AB. B S {} = B € Fi
2. NA aB. [A€Fin; AB. BS A= B € Fin; B € insert a Al = B € Fin

A

4

-u-:%%- *goals* Top L1 (Isar Proofstate Utoks Abbrev;)--------ceeeeeuaa-
tool-bar next y




A Crucial Point in the Proof

Ind.thy

B ™ ™
-~

QX A4P Y HNEG.060 < 6 F

lemma
apply (induct A arbitrary: B rule: Fin.induct)

apply auto
! _ _

27% L8O (Isar Utoks Abbrev; Scripting )

-u-:**-  Ind.thy

proof (prove): step 2

goal (1 subgoal):
1. AAaB. [AB. BS A= B € Fin; B € insert a Al = B € Fin

now what??

(Isar Proofstate Utoks Abbrev;)

-u-:%¥%- *goals* Top L1
tool-bar next




Time to Try Sledgehammer!

(8 Ema File Edit Options Tools BirlC8 Proof-General Maths Tokens Buffers Help
® O )

Logics > |
b0 - oML  Refute (C—c C-a <r>)
ganesl T S ﬂ \L Show Me B Quickcheck (C-c C-a C-q) h

lemma | ; _ Sledgehampqer (C-c C-a C-s)
apply (induct A arbitrary: B rule: Favourites > " Display Draft (C-c C-a C-d)

apply auto Settings > Print Draft (C-c C-a C-p) J
Start Isabelle (C-c C-5s) ‘ r
Exit Isabelle (C-c C-x)
Set Isabelle Command

Help

27% L8O (Isar Utoks Abbrev; Scripting )

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)




Success!

ole Ind.thy

QX A4P Y HNEG.060 < 6 F

lemma
apply (induct A arbitrary: B rule: Fin.induct)

apply auto

Ind.thy 27% L8O (Isar Utoks Abbrev; Scripting )

Sledgehammer: external prover "spass" for subgoal 1:
AA a B. [AB. B S A= B € Fin; B € insert a Al = B € Fin
Try this command: apply (metis Fin.insertl Int_absorbl Int_commute Int_insert_ri®

sght Int_lowerl mem_def subset_insert)
For minimizing the number of lemmas try this command:
atp_minimize [atp=spass] Fin.insertl Int_absorbl Int_commute Int_insert_right Inw®

$t_lowerl mem_def subset_insert

_u_:**_

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)
menu-bar Isabelle Commands Sledgehammer




Success!

® OO > Ind.thy

WO R 4P Y. 0w o 6P

lemma "[| A € Fin; B € A |] => B € Fin"
apply (induct A arbitrary: B rule: Fin.induct)
apply auto

this command should
-u-:**-  Ind.thy 27% L8O (Isar Ute PI’OVG the goa|

Sledgehammer: external prover

AA a B. [AB. B C A= B € Fing®"C insert a Al = B € Fin

Try this command: apply (metis Fin.insertl Int_absorbl Int_commute Int_insert_ri
sght Int_lowerl mem_def subset_insert)

For minimizing the number of lemmas try this command:

atp_minimize [atp=spass] Fin.insertl Int_absorbl Int_commute Int_insert_right In@2

$t_lowerl mem_def subset_insert

-u-:%%- *response* All L1 (Isar Messages Utoks Abbrev;)
menu-bar Isabelle Commands Sledgehammer




Success!

" Yala » Ind.thy

QO Z 4P Y IHGg. .00 = o6 P

lemma "[| A € Fin; B S A |] ==> B € Fin"
apply (induct A arbitrary: B rule: Fin.induct)
apply auto

this command should

-u-:**-  Ind.thy 27% L80  (Isar Utc
Sledgehammer: external prover "spass PI"OVG the goal

AA a B. [AB. B € A = B € FingB"c insert a Al = B € Fin

Try this command: apply (metis Fin.insertIl Int_absorbl Int_commute Int_insert_ri=
sght Int_lowerl mem_def subset_insert)

For minimizing the number of lemmas try this command:

atp_minimize [atp=spass] Fin.insertl Int_absorbl Int_commute Int_insert_right In@2
$t_lowerl mem_def subset_insert

this one may return a

more compact command

-u-:%%- *response* All L1 (Isar Messdag
menu-bar Isabelle Commands Sledgehammer




The Completed Proof

Ind.thy
O Z 4P XY M4 .00 = 6 F

apply (induct A arbitrary: B rule: Fin.induct)

pply auto ]

apply (metis Fin.insertl Int_absorbl Int_commute Int_insert_right Int_lowerl mem2
¢ _def subset_insert)

-u-:**-  Ind.thy 27% L85 (Isar Utoks Abbrev; Scripting )
proof (prove): step 3

goal:
No subgoals!

Top L6 (Isar Proofstate Utoks Abbrev;)




How Sledgehammer Works

Isabelle
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How Sledgehammer Works

Problem and
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Vampire




How Sledgehammer Works

Problem and
|00s of lemmas

Isabelle

Vampire

Theorem provers run
in the background.
Isabelle can still be

used!
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Notes on Sledgehammer

It is always available, though it usually fails...

It does not prove the goal, but returns a call to
metis. This command usually works...

The minimise option removes redundant
theorems, increasing the likelihood of success.

Calling metis directly is difficult unless you know
exactly which lemmas are needed.




